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 We study electron dynamics in a quasi-one-dimensional ballistic ring driven by two 
crossed high-frequency electric fields parallel to the ring plane. The averaged dipole moment 
and emission intensity are calculated. The emission polarization coincides with the direction 
of one of the fields. A possibility is shown of the polarization switching to perpendicular 
direction under changes in the field amplitudes and frequencies. 
 
 The mesoscopic structure technology stimulates both experimental and theoretical 
investigations of low-dimensional systems, specifically, quasi-one-dimensional rings [1 – 4]. 
The most of the works on this problem are dedicated to the quantum phenomena. However, 
the quasi-one-dimensional rings have interesting classical electrodynamic properties [5 – 
11]. In present paper, we investigate the quasi-one-dimensional ring response to two plane 
electromagnetic waves polarized perpendicular to each other which propagate along the 
normal to the ring plane. 
 Consider a planar ring that is a quantum well between two concentric potential 
barriers. The ring width is small compared to its radius R. The electron motion is quantized 
along the ring radius, while it is classical along the circumference. Assume that the electron 
mean free path is large compared to Rπ2 , so that electrons in the ring move ballistically.   
 Let two waves mentioned are incident on the ring with the wavelengths greater then 
the ring diameter. In the dipole approximation, only electric field of the waves 
( ) ( ){ }222111 sin,sin β+ωβ+ω= tEtEE  acts on the electrons. Assume that before the fields 
turn on (at t = 0) the electron has energy W that is energy of rotational motion along the ring 
circumference. We suppose that the electrons interact only with the external fields and 
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consider single-electron dynamics [5 – 11]. The electron motion in the ring obeys the 
following equation:  
 ( ) ( ) 0sincossinsin 22221121 =α+ωϕΩ−α+ωϕΩ+ϕ tt    (1) 
where ( )mREe 121 =Ω , ( )mREe 222 =Ω , ϕ is the angular coordinate, 1,2 1,2α = β ± π .  
 To determine slow component of the electron motion, we use the Kapitza averaging 
method [12], in that the angular coordinate is presented as ξ+Φ=ϕ , where Φ and ξ 
describe slow motion and small high-frequency oscillations, respectively ( Φ<<ξ ). The 
slow motion is described by equation Φ∂∂−=Φ effUmR 2  where  
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the angular brackets …  means averaging over fast periods.  
 Let us consider some specific cases. 
1. At 21 ω≠ω  and/or 221 π±=α−α , we obtain from Eq. (2) 
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At 2
2
21
2
1 ωΩ>ωΩ , effective potential energy (3) has minima at 0=Φ  and π=Φ , while at 
2
2
21
2
1 ωΩ<ωΩ , the minima are at 2π±=Φ . In the case of elliptic polarization 
( ω=ω=ω 21 , 221 π±=α−α ), Eq. (3) takes form of 
 ( ) ( )[ ] ΦΩ−Ω= 222222122 sin4ωmRUeff .      (4) 
2. If ω=ω=ω 21 , then  
 ( ) ( ) ( )[ ]Φα−αΩΩ−ΦΩ−Ωω= 2sincossin4 21221242412
2mRUeff  .  (5) 
 At Ω=Ω=Ω 21 , 
 ( ) Φα−αΩω−= 2sincos4 2142
2mRUeff .      (6) 
 The potential energy (6) has minima 4π=Φ  and 45π=Φ . 
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3. If 2
2
21
2
1 ωΩ=ωΩ , then it follows from Eq. (3) that 0=effU  under conditions 
21 ω≠ω  and/or 221 π±=α−α .  
 From the potential energy (3) the following equation is obtained for the averaged 
electron motion: 
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 The dipole moment (relative to the ring center) and the emission intensity per 
electron are defined as [13] 
 { }ΦΦ= sin,coseRP ,        (8) 
 ( ) ( )242323 3232 Φ+Φ==  eRccI P .      (9) 
 Solution of Eq. (7) with initial conditions ( )00 Φ=Φ , ( ) ( ) 2110 20 mWR−=Φ=Φ   is 
           λ+Ψ=Φ ,                                                                                            (10) 
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where 0=λ  at 222121 ωΩ>ωΩ  and 2π=λ  at 222121 ωΩ<ωΩ ,  
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sn(x, k) is the elliptic sine, F(x, k) is the incomplete elliptic integral of the first kind.  
 The fundamental frequency of the electron slow motion is 
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where K(k) is the complete elliptic integral of the first kind [14].  
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 From Eqs. (9) and (10) we find the emission intensity from the 
ring: ( )
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 The mean emission intensity is 
 ( ) ( )qGeR
c
I 40
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where G(q) takes form of 
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where E(k) is the complete elliptic integral of the second kind [14]. 
 At 1<<q  the electron executes field-driven small oscillations. In that case, 
( ) 34≅qG , so that  
 ( ) 40239
8 ω= eR
c
I .        (18)  
 At 00 Φ<<ω   (e.g., at 2211 ω≈ω EE ) we have 120202 >>ωΦ≅ q , so that ( ) 4qqG ≅ , 
( ) 4040 Φ≅ω q , and 
 ( ) 40230 3
2 Φ== eR
c
II ,       (19) 
that coincides with the expression for an electron moving along the ring circumference with 
constant angular velocity [13] corresponding to energy 220
2 mRW Φ=  . That case 
corresponds, in particular, to a circularly polarized electromagnetic wave 
( 221 π±=α−α , 021 EEE == , ω=ω=ω 21 ), when 0=effU . We intend to publish elsewhere 
detailed calculations of the emission from a ballistic ring in a circularly polarized 
electromagnetic wave. 
 In analyzing the dependence I  on q, we consider q as a function of 20
2
0 ωΦ  under 
fixed 0Φ  or as a function of 0Φ  under fixed 2020 ωΦ . 
 Let ( )2020 ωΦ= qq  under fixed 0Φ . Then it follows from Eq. (16) 
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where ( ) ( )( )( ) ( )( )λ−Φ−−
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2
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 If ( )0Φ= qq  under fixed 2020 ωΦ , then 
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q
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where ( ) ( )12 20202 −Φω= qqB . 
 The dependencies of 0II  on q under 2
2
21
2
1 ωΩ>ωΩ  condition described by Eqs. 
(20) and (21) are shown in Figs. 1 and 2, respectively.  
 
 
 
 
 Fig. 1. The dependence of 0II on ( )2020 ωΦ= qq  at 40 π=Φ . 
 
 
 Fig. 2. The dependence of 0II on ( )0Φ= qq  at 45.000 =ωΦ . 
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 Note that a situation is possible when 10 >>II , that is the emission intensity, 
corresponding to the electron free rotation in the ring, is small compared to the wave-driven 
one.  
 To find the ring mean dipole moment P , we substitute (10) in (8) and average over 
the period slowslowT ωπ= 2 . At q > 1, always { }0,0=P . At q < 1, two case realize, 
( ) 

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2 q
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2
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2
2
21
2
1 ωΩ<ωΩ condition. Therefore, the emission polarization direction coincides with the 
polarization of one of two incident waves. Changing the relation between 1
2
1 ωΩ  and 
2
2
2 ωΩ , it can be possible to switch the ring emission polarization. 
 If the ring contains N electrons, then the expressions for P and P  should be 
multiplied by N, while the expressions for I and I  should be multiplied by 2N . 
 Let us make some estimates. At R = 5 × 10–5  cm, m = 0,1me, W = 2 × 10–3  eV,  
ω1 = 1 × 1013 s–1, ω2 = 1 × 1014 s–1, E1 = 1.5 × 104 V/cm, E2 = 3 × 103 V/cm, we have  
Ω1 ≈ 2.3 × 1012 s–1, Ω2 ≈ 1.0 × 1012 s–1, ω0 ≈ 3.7 × 1011 s–1, 45.000 ≈ωΦ , 222121 ωΩ>ωΩ  
(λ = 0, see Eq. (10)). At 40 π=Φ  and indicated values of the other parameters, we obtain  
q ≈ 0.8 (see Eq. (13)), ωslow ≈ 2.8 × 1011 s–1 (see (14)). Therefore, it follows from (20) or (21) 
that 1.80 ≈II . The slowω>>ω 2,1  condition necessary to apply the Kapitza method, fulfils 
at chosen values of the wave frequencies. At the electron collision frequency ν = 5 × 109 s–1, 
we have slowω<<πν2  that justifies using the collisionless approximation for the electron 
dynamics in the ring.  
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